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Abstract 

We study one-sided substitution subshifts, and how they can be respresented using Bratteh- 
Vershik systems. In particular we focus on minimal recognizable substitutions such that 
the generated one-sided substitution subshift contains only one non-shift-invertible element 
(branch point), and we call these substitutions quasi-invertible. We characterise these substi- 
tutions, and show that if the substitution is left proper, then the subshift is equal to another 
substitution subshift where the branch point is the substitution fixed point. We use these 
results to prove that any quasi-invertible substitution subshift has either a Bratteli-Vershik 
representation, or a 'pinched' such representation. 



1. Introduction 

The realization of any minimal homcomorphism T of a Cantor space X, as a proper 
Bratteli-Vershik, or adic, system, was shown in |HPS92] . Since then researchers have 
characterized adic systems with specified properties. For example, stationary proper adic 
systems were shown to be the union of the class of (two-sided) primitive aperiodic substitution 
subshifts, and the class of stationary odometers in |VL92| . [For 97] and [DHS99] . and 
proper adic systems whose Bratteli diagram have the equal path number property were 
shown to be Toeplitz systems in [GJOO] . The adic systems realising interval exchange maps, 
linearly recurrent systems, and minimal substitution systems, are also described in jGJ02j . 
[CDHM03j and [BKM09j respectively. 

If T is only assumed to be continuous, and minimal, some constraints on the Bratteli 
diagrams which generate the adic representation have to be imposed. For example, while 
Bratteli diagrams which are no longer proper have to be considered, minimality of T implies 
that there have to be at least as many maximal elements in as minimal elements. 

In this article we address the question of how the results in [DHS99] can be generalized 
to representing one-sided (non-cr-invertible) substitution subshifts. We deal with the special 
case where the substitution subshift (Xt-,(t) has a unique non-invertible point, and call 
these subshifts quasi-invertible. Subshifts with this property have been studied: Sturmian 
sequences, and more generally, Arnoux-Rauzy sequences ( [AR9lj ) generate quasi-invertible 
subshifts - the condition (*) in [AR 91J ensures this, and in many cases these sequences 
are fixed points of substitutions (see [CMPS93] for a characterization of when Sturmian 
subshifts are substitution subshifts; if the 'S-adic' expansion of a sequence in [AR91| is 
periodic, then it is the fixed point of a substitution, for example the tribonacci substitution). 
All these subshifts have nice geometric representations as toral rotations, or interval exchange 
maps. Many (but not all) Pisot substitutions that have been studied in the literature are 
quasi-invertible. It would be interesting to study whether quasi-invertibility imposes any 
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spectral constraints. While not all have discrete spectrum (the Chacon substitution is quasi- 
invertible - see Example 5 in Section [5]), other spectral properties may be constrained. 

As invertible substitution subshifts were considered in |DHS99] . bilateral recognizability 
was a sufficient assumption, and this is a property that all primitive aperiodic substitutions 
enjoy. Here we have to restrict ourselves to unilaterally recognizable substitutions. Thus we 
do not realize adic systems that arise from a non-recognizable substitution as substitution 
subshifts. As we want to obtain adic representations of some topological rank one systems 
arising from a substitution, we work with minimal substitutions. We also assume that 
all powers of the substitution t are injective. We'll call substitutions which satisfy these 
properties reasonable. We represent these systems with a stationary Bratteli diagram which 
has a unique maximal element. We do this by generalising the techniques in [DHS99J, so 
that a reasonable quasi-invertible substitution subshift is conjugate either to an adic system, 
or a 'pinched' adic system. 

In Section [5] we give definitions, and some background of required results for substitution 
subshifts. In Section [31 we characterize quasi-invertible substitutions (Lemma [5] and the 
remarks following it), and show that any left proper quasi-invertible substitution subshift is 
equal to one where the branch point is fixed by the substitution (Corollary [TlJ We believe 
that this result is still true for non-left proper subshifts -see Example |(3)| in Section [5]). In 
Section m we set up background and notation for adic systems, and use the results of Section 
[3] to obtain our representation Theorem [TJ] for left proper quasi-invertible substitutions. We 
extend this result to arbitrary quasi-invertible substitutions (Theorem 1191) in Section [5l 



2. Preliminaries 

2.1. Notation 

Let ^ be a finite alphabet; elements in A will be denoted by a, b, c etc. A word w (denoted 
using boldface) from ^ is a finite concatenation of elements from A. Let A'^ denote the set 
of words (including the empty word) from A. li w = wi . . . Wm and w* = w* . . . w* , then 
WW* := wi . . . WmW* ■ . . w* . Define if = WiWi+i . . .wj. U w ^ wi . . . Wm, the length of w, 
written \w\, is m. Given words to, w* , say that w occurs in w* , or w is a subword of w*, if 
w ~ If *[i,i+|iu|-i] for some i. If = to, define the k-shift cr'^(tf) = w^k+i.m]- w* is a preEx 
of w if If — w*, similarly w* is a sufEx of if if if = if*. When we speak 

of 'the' prefix (suffix) of a word if, we will mean the first (last) letter of if. 

Let N := {0, 1, . . .}. If M = Z or N, then the space of all M-indexed sequences from A is 
written as A^, and a configuration x S A^ is written x = {Xm}m&M- Let A be endowed 
with the discrete topology and A^ with the product topology (this topology is also generated 
by the Hamming metric), then A?'^ is a Cantor space: a zero-dimensional perfect compact 
metric space. Ifb ^ A and j G M, the clopen sets {x : Xj = 6} form a countable basis for the 
topology on J^. The (left) shift map a : A^ — > A^ is the map defined as {a{x))m = Xm+i. 
X is a subshift of {A^, a) if it is a closed cr-invariant subset of A^. A language is a non-empty 
subset of A'^ ■ If a; £ A?'^, the word if occurs in x, or is a word in x if there is some to e M 
such that x„i+i ■ ■ ■ x^^^yg^ —w. Let C{x), the language of x be the collection of words 
occurring in a;. If £ is a collection of words closed under the operation of taking subwords, 
then the set Xm_{jC) associated with £ is the set of all sequences in A^ all of whose words 
belong to £. If £ = C{x), we write Xm{x), dropping the 'M' when the context makes it clear, 
or when a statement is true either way. 
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2.2. Substitutions 

A substitution is a map t : A ^ A'^ . We extend r to a map r : A'^ A'^ by concatena- 
tion: if a = ai . . . Qk, then x(a) := T(ai) . . . T(afe). In this way iteration r" is well defined. 
The substitution t is extended to a map t : A^ A^ defined by t{x) t{xo) t{xi) . . ., 
and also t : A^ — >• A^ defined by t{x) := . . . t(x_i) • t{xo) t{xi) . . .. We say r is left (right) 
proper if there exists / in A such that I is a prefix (suffix) of T{a) for each a G A. If t is both 
left and right proper, it is called proper. We say r sufEx-permutative if the set of suffixes of 
{T{a)}aeA is a permutation of A. Also r is injective if 'r(a) t(&) whenever a ^ b. 

We say t is primitive if there exists a positive integer fc such that for any a G A, all letters of 
A appear in x'^(a) (this requires that for some letter a, la > !)■ If jCt is the language generated 
by the words {T"(a) : n G N+, a G A}, then Xm(t) := Xm{jOt-) is closed and cr-invariant, 
so that (A'M(r),cr) is a (substitution) subshift, with the subspace topology. Henceforth we 
will be working mainly with one sided substitution subshifts, and unless otherwise indicated, 
will assume this, and write {Xt,<j) instead of (Xn(t),(j). A fixed point of r is a sequence 
u G A^ such that t(m) — u. li u G -4^ is a fixed point for r, then t{uo) starts with uq. 
Conversely, if there exists a letter I such that I is a prefix of t{1), then u := lim„^oo '''"(0 is 
the unique fixed point satisfying uo = I. li t is primitive, then the subshift generated by u, 
i.e. {(t"(m)}, equals X-r. Using the pigeonhole principle, there exists n > 1 such that t" has 
at least one fixed point. Though we do not assume that t is primitive, we will assume that t 
has a fixed point u with Ct = -C(u), and |t"'(mo)| — > cx) as n ^ oo. When such a fixed point 
exists, which we henceforth assume, we will call it a generating fixed point. Note that if t is 
left proper and has a generating fixed point, then it is primitive. 

The continuous mapping T : X ^ X of the compact metric space X is minimal if for 
each X in X , {r"(x) : n > 0} is dense in X . Primitive substitutions are minimal. A sequence 
X G A?"^ is almost periodic if for any neighbourhood V of x, the set {n : a"{x) G V} has 
bounded gaps in M. If u is almost periodic, then {X{u), a) is minimal, (see |Que87| , Theorem 
4.12). In what follows we will assume that our substitution t has a generating fixed point 
u, and that the resulting subshift {X,a) is minimal. We call such substitutions minimal 
Minimal substitutions enjoy many established properties that primitive substitutions do, 
and minor modifications of proofs of facts for primitive substitutions can be made to ensure 
that the same results hold for minimal substitutions. In particular unilateral recognizability, 
(see below) is defined for primitive substitutions. The necessary and sufficient condition that 
exists for a primitive substitution to be unilaterally recognizable can be modified with the 
following two lemmas (which appear in [Mos92] for primitive substitutions): 



Lemma 1. Fix a natural number I. If w occurs in u, \w\ = /, and tP{w) = BpT'P{w*)B'p, 
with w* occurring in u and \w*\ = 1* , then there is C such that 1* <Cl, where C is 
independent of p. 



Proof Suppose not. Then for all N there is a p, a w* G C-r such that tP{w) = 
BpTP{w*)B'p with \w*\—l* and I* > Nl. If w = wi...wi and w* = w\ . . . w^, , then 



n: 



Since t is minimal, u is almost periodic, which means that 
all letters occur in u with bounded periodicity. Hence if for a G we let 71(0;) denote the 
number of occurrences of a in w, then there are more than n{a) occurrences of a in w* for 
each a, if N is large enough. This contradicts the inequality above. B 
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Lemma 2. Fix a natural k. The sequence 

^ max{\TP {w)\ : w G Cu, \w\ ~ k} 

^ ' min{|TP^i(a)| : a ^ A and liniji^oo r"(a) = 00} 

is bounded. 

Proof. Let := {a G A : lim„^oo — 00} = {ai, . . . a\A^\}- It is sufBcicnt to show 

that for some C, \TP{a)\ < C\tP{P)\ for all natural p and all a,f3€ Aoo- If M is the |yloo|- 
sized square matrix whose i,j-indexed entry is the number of occurrences of aj in T{ai), 
then wlog, M can be assumed to have all positive entries, and the Perron-Frobenius theorem 
|Sen06] implies that € rP(a) : /3 £ ^oo}| = CaX^ + o{\p), where Ca is strictly positive 
and A is the dominant eigenvalue of M. Thus there is a C such that 

|{7 e TP{a) : 7 e Aoc}\ < C\{j e tP{I3) : 7 G ^oo}| 

whenever a,/3 G ■ The result follows from the almost periodicity of u. g 

Unilateral recognizability was a condition introduced in |Hos86| and [Que87| which 
ensured that one could find clopen generating partitions for {X-r , a) . Specifically, the set 
of (1 )-cuttings of u are 

E:= {0}U{|t(«[o^p_i])| :p>0}. 

We then say that t is (unilaterally) recognizable if there exists some L so that if = 
and i G -E, then j € E. A word w occurring at U; and Uj has the same 1-cutting 
at i and j, with i < j, if E n {i, . . .i + \w\} = j — i + Er]{j,...j + \w\}. 

In Theorem 3.1, |Mos92| . primitive recognizable substitutions are characterized, and 
Lemmas [1] and [2] can be used to extend this theorem to minimal recognizable substitutions: 

Theorem 3. Let t be minimal with generating fixed point u. t is not recognizable if 
and only if for each L, there exists a word w of length L, and two elements a, b € A such 
that 

- t(6) is a proper sufHx of r(a). 

- The words T{a)w and T(b)w appear in u with the same 1-cutting of w. g 

In particular, suffix permutative substitutions are recognizable. It is straightforward to 
show that if r is recognizable, and injective, then x" is recognizable for each n. 

In Lemmas 2 and 3, |Hos86j , the following is shown for primitive recognizable 
substitutions. Note that t{X) C X. 

Proposition 4. 

Let T be a primitive, recognizable substitution with generating fixed point u. 

(i) y G t{X) if and only if a'^^u y where Ui G E for all large i. 

(ii) t{X) is clopen in X . 

(iii) aP{T{x)) £ t{X) if and only if p—\T{x[Qr])\ for some r so that cr^(r(a;)) = 

If T is also injective, then 

(iv) T : X — > t{X) is a homeomorphism. g 

We remark here that the previous proposition also implies that for each n > 1, r" : X — > 
t"{X) is also a homeomorphism, though as a substitution it is not necessarily injective. 
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Let us call substitutions which are recognizable, minimal, and all of whose powers are 
injective reasonable. In some of what follows (excepting Corollary [T^l and all results that 
require it), we need only assume that t is injective, but since our final results assume that 
all powers of t are injective, we will make this blanket assumption everywhere. 

Corollary 5. Suppose that t is reasonable. Every y e t{X) can be written in a unique 
way as y = 't{x) with x £ X . Every y G X\t{X) can be written as y = a^T{x) where cr{x) 
is unique, and < k < |r(a;o)|. 

Proof. The first assertion follows immediately from Proposition^ If y G X\t{X) then by 
Part 1 of Proposition m there is a sequence {n^} of integers not in E, with it"* (it) y. Now 
each Hi = ki + ri where ki G E, and the positive is strictly less than the successor of ki 
in E. Since E is almost periodic, by dropping to a subsequence if necessary, we assume that 
there is some fixed positive r such that each Hi = ki + r. Now we can assume that cr'^* (tt) 
converges to some x G t{X). So y = a'^x. 

Now suppose that y = a^x = x' , where if a; = xqXi . . . then r < |T(a;o)|, and similarly 
for r'. Let I = |r(a::o)| — r, and define I' similarly. 

If I = I', then (T''+'T(a;) = T{ax) G t{X) and similarly (T'''+'r(a;') = T{ax') G r{X), so 
T{ax) — T{ax'). Thus ax = ax' . 

Finally we will show that I ^ I' leads to a contradiction. Suppose I < I'. Then a'''^W{x) = 
T{ax) G t{X), and so a'''+^T{x') = cr''+'-r(x) G t{X). Thus by Part 3 of Proposition g 
r' + I = \t{x'^q j-j)| for some j. This contradicts r' + I < r' + I' — \t{xq)\. g 



3. Quasi-invertible substitutions 

We investigate the number of cr-preimages that a r-fixed point u can have. Say that ai is 
part of a sufEx cycle ai, 02, . . . a,„ if T{ai) has a^+i as a suffix for 1 < i < m, and T(a„j) has 
ai as a suffix. 

Proposition 6. Suppose that r is a reasonable substitution with generating fixed point 
u — UQU1U2 . ■ .. Then au G Xt if and only if a is part of a sufEx cycle ai, 02, . . . and 
aiUQ G Ct for some i G {1, . . . m}. 

Proof. If for some i, aiUQ G C-r, then since u is generating, there exists an n such that 
fliMo G t"(uo), so fli+i x(mo) G t"+-'^(uo), and aiT"™(7io) for each n > 1. It follows that 
aiU G X-T, and that this is true for each aj G {ai, . . . a™}. 

Conversely, suppose that au ^ X. We claim first that a is the suffix of some substitution 
word. Now by Corollary O au = WT{ax) where w is the suffix of some substitution word 
t(xo), and ax is unique. Thus t{u) = u — a{w)T{ax), and by Corollary [5] again, a{w) = 
t(uo . . . Ur) for some r > 0, so that a is the suffix of a substitution word. 

Since (X, a) is minimal, a is onto, which means that for each n there are words Wn of 
length n such that Wnau G X. Given N, choose n so that n > \T^{a)] for all a. Thus 
X = Wnau ~ w't^ {a{y)) where w' is the suffix of T^{yo), and Corollary O implies that 
for some p > 0, aP~^^{y) = u and Wna = w'r^ {y^i ^j), so that a is the suffix of a word. 
Taking a subsequence, we conclude that there is some b such that a is the suffix of t^(&) 
for infinitely many A^'s. Since the sequence of suffixes of (b) is eventually periodic, this 
implies that a is part of a suffix cycle. B 
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It follows that if t is left proper and suffix permutative, then u has |,4| cr-preimages, and 
if T is left and right proper, then u has one cr-preimage. 

Let Wn ■.= {w:w = (T'=(T"(a)) : a <E A, 0<k < |T"(a)|}. If w e >V„, let r{w) be the 
number of distinct representations w has as w = (T''(T"(a)), as k and a vary, and let 
a~^w = {aw : aw G Wn}- 

Proposition 7. Let t he reasonable, with a generating fixed point u. Suppose that 
y ^ u, y ^ [w] where w — (T'^T"(a), and w' :— a^^^ t"^ {a) . Then y has more than one a 
preimage only if r{w') < r{w). 

Conversely, suppose that there exists a sequence of words w„ e W„ with \wn\ oo, with 
rin[wn] = y. If there exists a sequence an such that a„i(;„ e W„ and r{anWn) < r{wn) for 
each n, then y has more than one a-preimage. 

Proof. The only way that y can have more than one cr-preimage is if y has at least two 
representations y = a^T'"-{a)x = T"-{b)x with a'^T"'{a) = t"(&) = w but CT'^^^x"(a) ^ 
cr'='-V"(&). 

Conversely, note that if r{aw) < r{w), for some aw E a^^w, this means that there is 
more than one word in a^^w. So for each n there are two distinct letters a„ and /3„ so that 
anWn and /3„K;„are both in >V„. Passing down to a subsequence if necessary, we can assume 
that there are distinct a and /3 so that aw„ and (3wn are elements of W„, hence Ct- Thus 
ay and (3y are both elements of X, so that y has more than one cr-preimage. g 



Corollary 8. Suppose that t is a reasonable substitution with generating fixed point 
u. Then 

(i) If T is sufhx permutative then only u in X has more than one a-preimage. 

(ii) If T is left proper, and not suffix permutative, such that whenever x(a), T{b) share a 
proper common suffix, then t(6) is a proper suffix of T{a) (or vice versa), then only 
u has more than one a-preimage. 

(iii) Suppose t is left proper, not sufhx permutative, and there are a, b such that T(a), 
t(6) share a common proper suffix s. If T'"-{a), T'^{b) share the common suffix s„, 
then y := lim„^oo s„, if it exists, has more than one a-preimage. Also y ~ u if and 
only if s„ e t'^"(X) for some kn ^ oo. 

Proof. Suppose that t is suffix permutative. Then no two T"-words share a common suffix. 
So r{w) = 1 for all w e yV„ and all n. By Proposition [71 other than u, there are no other 
points with more than one cr-preimage. 

Suppose that r is not suffix permutative. Proposition [7] tells us that the only candidates 
for a point y with more than one cr-preimage are those where y = limn Sn with s„ being the 
suffix of more than one t„ word. For this limit to exist, the lengths of the words s„ must 
tend to oo. 

If any two substitution words T(a), t(6) share a common suffix only when t(6) is a (proper) 
suffix of T(a), then t"(6) is a suffix of T"'(a) for every n. Suppose |r"(b)| ^ oo, so that 
y = lim„_>oo T^{b) is a candidate for a point with multiple cr-preimages. Then y G 
for each n, so y = u. 

If a non suffix-permutative t is such that no substitution word is the (proper) suffix of 
another, then there are distinct a and b such that for large n T^{a) and t"(&) share a 
common suffix s„, and assuming their lengths tend to oo, these words satisfy the conditions 
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of Proposition [71 Thus there exists a point y with more than one cr-preimage. Now y = u if 
and only if y G nx"(X), from which the result follows. g 

Now that we have partial conditions under which a reasonable substitution t has a unique, 
non-fixed non-cr-invertible point y, we recast {Xt, (j) as a substitution system for which y is 
fixed. We need to introduce some notation. If r is a right proper, reasonable substitution on 
the alphabet A = {ai, . . . , a„}, let si be the maximal proper common suffix of {r(a)}a g^, 
so that for each i in A, T{ai) — aiXtSi, where the set {xi, . . .Xn} has at least two distinct 
elements. Call the set Ai :— {xi}"^^ the set of Si-predecessors in {T{a)}a ^a- If {'''{xi)}xi eAi 
has 6281 as a maximal proper common sufRx (62 could be empty), let A2 be the set of e2Si- 
predecessors in {T{a)}a£Ai - Inductively, if Ak is the set of e/jSi-predecessors, let efe+iSi be 
the maximal proper common suffix of {x(a)}a ^Ak j &nd A^+i the set of efc+iSi-predecessors in 
{T(a)}ai£Ak - The sequence Ak is eventually periodic. For, \Ak\ cannot increase. If \Ak\ stays 
constant as k increases, then for some k and m, Ak — and so efc+iSi — Bk+m+i^i, 

which in turn implies that Ak+i = Ak+m+ii and by induction that Ak is eventually periodic. 
If decreases, then repeat this argument. Thus {e^SilfegN is also eventually periodic. More 
generally, if r is not right proper, and if A* C A, we can repeat the above procedure to obtain 
an si, and sequences {el}k>2 and {Al}k>i; as above these sequences are eventually periodic. 
If (y, T) is a system where y is not T-invertible, we call y a branch point. Let us call systems 
(y, T) with only one branch point quasi-invertible. If (Xj-^a) is quasi-invertible, and the 
branch point has M-a-preimages, we'll call r M-quasi-invertible. Corollary [8] characterizes 
these substitutions when they are left proper. We use this notation in the following lemma: 

Lemma 9. Let t be a reasonable substitution on the alphabet A — {ai, . . . , a„}, with 
fixed point u, and with Si, {ek}^i and {Ak}^i as defined. Suppose that e^+pSi = efeSi for 
k>M + l. Then 

(i) If the T -substitution words have a maximal non-empty proper common sufEx Si, then 
for 0<l<M-\-p~l, the t'' -substitution words have a maximal proper common 
sufhx (^nL=o '^'^(^'-'t^i)) ''"'"^(^i)' ^^"^ ^or n > 1, the t^p~^^^~^ -substitution words 
have a maximal proper common sufhx Snp+M-i = Pnp+M-i Inp+M-i; where 

n-l 

Pnp+M-1 = Yi ^^"^ ((eAf+pSl)T(eM+p-lSl)T^(eM+p-2Sl) • ■ ■ T^"^(eM+lSl)) (3.1) 
k=0 

and 

Inp+M-i - n ^"^+'(eA/-i-;.Si) ^ T^P+^'-^is,). (3.2) 

(ii) Suppose that r is left proper. Then t is quasi-invertible, with branch point y ^ u, if 
and only if for some m, the t^"" -substitution words have a maximal proper non-empty 
common sufhx Si, p — 1, and for all subsets A* C A, e'l^^sl — gm+iSi for all k large. 

(iii) Suppose t is left proper. Then t is quasi-invertible, with branch point u, if and only 
if for all subsets A* C A, there is some N such that for n > N, the T-substitution 
words of elements A^ have no proper maximal common suffix. 

Proof 

(1) The proof of Equations 13.11 and 13.21 follow from the definitions of e^Si, and induction. 

(2) If y is the branch point and y ^ u , then u is cr-invertible, so by Proposition[6l working 
with a higher power of r if necessary, we can assume that the the T-substitution words 
have a maximal common suffix Si, and Si has to be proper, or else {X^-, <j) is periodic 
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and so invertible. If r is such that M = 1, then Equation 13. II reduces to 

n-l 

s„p = P„p = n '^^'^ ((ep+iSi)T(epSi)T2(ep_iSi) . . . TP~i(e2Si)) . (3.3) 

fc=0 

Here S(„_|_i)p C s„p for n > 1, and if the r-substitution words start with uq, then uq G 
s„p for n > 1, so that |s„p| — > cx). Thus y := hm„_>oo s^p exists, and by Proposition [7] 
has at least 2 cr-preimages. If p > 1, a formula similar to Equation [SH] for {s„p+fc}„>o 
can be obtained for < fc < p. These words start with e^Si ^ epSi, leading to another 
branch point. Even if Af > 1, then the initial portion P„ of s„ still converges to a 
branch point y, and y also equals lim„_oo s„. Finally, if ^* C ^ is such that e^^^s^ ^ 
CM+iSi for infinitely many fc, then 

ri-l 

y* = £m P^p = n ((e;+isDr(e;sDx2(e;_ist) . ..t^-\^1^\)) 

also is a branch point. Note that y* — e^j,^-^s^x(y*), while ej\/SiT(y) = y, so that 
y ^ y* (this is assuming p = 1; the case p > 1 is similar). 

Conversely, if the r-substitution words x(ai) have a maximal proper non-empty 
common sufhx Si, and p = 1, then by Part 1, the -substitution words have 

maximal proper common suffixes s„+j\/_i = P„+M-iIn+A/-i for each n, and, as above, 
Pn+j\/-i ^ y as n — > oo, with \a^^{y)\ > 1. The condition on subsets A* of A prevents 
there being any other branch points, and, since ejv/+iSiT(y) = y and t{u) = u, y ^ u. 
(3) If u is the branch point, then by Proposition [Slthere are at least two distinct elements 
a G ^ as suffixes of the r substitution words, so there is no non-empty common 
suffix Si . Now for any subset A* of A, the sequence A* is eventually periodic. If for 
some A* ^ the suffixes of the r-substitution words of elements in A* are non-empty 
infinitely often, then the r" words of elements in A* will have a prefix like that 
in Equation 13.11 leading to an element y satisfying e^jS^r(y) = y. If y = m, then 
e\jS\T{u) — t{u) and recognizability implies that e\.is\ — r(iX[o^r]) for some non- 
negative r. Using recognizability again, and injectivity, we conclude that u is periodic, a 
contradiction. This proves necessity. Conversely, letting A* = A, and using Proposition 
ini M is non-(T-invertible. If y were another branch point. Proposition [7] implies that 
there are letters a and &, and a sequence nj ^ oo, with y G cr'^^ (r"^ (a)) fl u'^ (r"^ (b)) 
and cr'^^ (r"^ (a)) a maximal common suffix of r"^ (a) and r"j (b). Letting A* — {a, 6}, 
we have a contradiction. Thus r is quasi-invertible. B 

If r is not left proper, then a modified version of LemmaOexists. Namely, if there exists an 
m such that whenever ^* C ^ is such that {r™(a) : a ^ A*} has si ^ 0, then the sequences 
{e^s|} are all eventually identical, and if for all fixed points u, there is a unique a with 
au G Xt, then r is quasi-invertible, with branch point y ^ u. There is then the possibility 
that r is quasi-invertible, but the set of r-substitution words do not have a proper maximal 
common suffix, and this is an obstacle to extending Lemma [TO] below to non-left proper 
substitutions. 

If the left proper r is such that e„ = gm for n > M, then the branch point y satisfies 
eAfSir(y) = y. In the next lemma, we assume that M = 1. 

Lemma 10. Suppose that the reasonable r is dehned as r(ai) = PiXiSi, where 
{xi, . . . ,Xn} has at least two distinct elements, and where = for fc > 1. Define the 
substitution r* as r*(ai) = SiPiXi. 

(i) For each n >0, and each w G Ct, t* {t^ {'w))si = Sit"^^{w) . 

(ii) If s„ is as in LemmaEl then for each n > 2, s„ = r*(s„_i) Si . 
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(iii) s„ C (x*)" ^(si) for each n>l. 
Proof. 

(1) We prove this statement only for w = ai; the proof for other one-letter words is the 
same, and the proof for longer words follows by concatenation. Note that 

x*(ai) si = sipixisi = SiT(ai) . 

If the assertion is true for n, then 

T*(T"+i(ai))si = T*(T"(T(ai)))si = x*(T"(pia;iSi))si = Six"+i(T(ai)) = SiT"+2(ai) . 

(2) First by LemmajDand Part 1 of this lemma, S2 — Sit(si) — r*(si)si. Assuming that 
s„ = T*(s„_i)s-'-, we have 

s„+i ^'"^'^s„t"(si) ^= t*(s„_i)sit"(si) t*(s„_i)t*(x""^(si))si = T*(s„)si. 

(3) The case n = 1 is clear. Assuming s„ C (t*)"^^(si), 

S„+l T*(S„)S1 C X*((T*)"-1)(S1))S1 = (T*)"(S1)S1 C (t*)"(si) . 

■ 

Lemma ITOl can be modified if M > 1: instead of considering r, work with x^^, and as in 
the lemma, find r* such that {Xt*, <j) — {X^n, a); now use the fact that {X.^n , a) — (Xt, a). 

Corollary 11. 

If the left proper, reasonable substitution subshift {XT,a) is quasi-invertible, where r is 
defined on {ai, . . . a„} with branch point y, then there exists a left proper, recognizable, 
minimal, aperiodic, injective, quasi-invertible substitution subshift with T*{y)—y, and 
{X^,a) = (X.,.,a). 

Proof If = y, then let t — t*. If not, then if necessary considering a power of t so 
that Gfc = for fc > 1, let t* be defined as in Lemma [TOl The branch point is y := lim„^oo s„; 
that it exists and has at least two cr-preimages follows from Lemma [SI That it is T*-fixed 
follows from part 3 of Lemma 1101 Thus X-r* C Xt, and by minimality, this inclusion is an 
equality. g 

Examples All examples are left proper, and reasonable. 

(1) If T{a) — aab, and T(a) = abb, then Si = {&}, — for all k > 2. (In fact if t is 
any reasonable substitution on a two letter alphabet whose substitution words have 
a proper maximal non-empty suffix, then it is always the case that is trivial for 
fc > 2.) The branch point y satisfies bT{y) = y. 

(2) The Tribonnaci substitution x(l) = 12, t(2) = 13, x(3) = 1 is suffix permutative, so 
the fixed point u is the only branch point. 

(3) If T(a) = acb, t(&) = aba and t(c) = aaa, then only it is a branch point. For, if A* = 
{b,c}, then the maximal common suffix of {t"(&), t"(c)} is T"~'^{a)T^'^^^{a), and this 
converges to it as n ^ oo. 

(4) If T{a) = acb, T(b) = aba and r(c) = aca, then {a, b} is a suffix cycle, so m is a branch 
point. Letting A* = {b, c}, we obtain a branch point y satisfying aT{y) = y, and y ^ 
u. 

(5) If T{a) = abc, T{b) = aacc, and t(c) = abcc, then Si = c, Ai = {b,c}, and 
for fc > 1, e2A;+iSi = c, A2k+i = {b,c}, e2feSi = cc and A2k = {a,b}, so that 
(XtjCt) has two branch points, y = lim„^oo Ilfe^o '''^''(c)'''^'^^^(cc) and y* = 
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lim„_>oo J|)!^Q T^'^(cc)x^'^+^(c); if these were equal then t(c) = c'^ for some k, a 
contradiction. 

(6) If T(a) = abd, t(6) = abed, t(c) = accd and — aacd, then for fc > 2, e^Si = cd, 
Afc = {b, c}, so that (Xt-, a) has exactly one branch point, satisfying cdT{y) = y. 

(7) If T(a) = abad, T{b) ~ ab, t{c) — ad, and T(d) — abc is recognizable: although t(c) is 
a proper suffix of T(a), a is always followed by 5 or d in X, while c is only followed 
by a. So T(a) is always followed by t(5) or T(d), and t(c) is always followed by T(a). 
Hence long words satisfying Part 2 of Theorem [3] do not exist. 

As {b, c, d} belong to suffix cycles, u has three cr-preimages. If A* = {a, c} then the 
words {t"^ (a) , (c)} have t"(c) as a maximal common suffix, and these words also 
converge to u. Hence t is quasi-invertible. 

(8) If T(a) — aad, t(6) — abd, t(c) = ac, and = abc. All r^-substitution words have 
c as a suffix, so u is cr-invertible. Also, = dab for fc > 2, and = {a,b} for all fc. 
Working with r^, there is only one branch point y; it satisfies dabcT{y) = y. 

Unilateral recognizability is less amenable than bilateral recognizability, which all aperiodic 
primitive substitutions possess, and for whom the sequence of partitions 

:= {[a^(r"(a))] : a e A, < fc < |r"(a)|} 

is a nested sequence which spans the topology of {Xz{t), a) (see Proposition 14, [DHS99j ). 
In the one sided subshift (Xt-,(t), the sets in need not be disjoint. For example, if r 
has a branch point y ^ u, then, for each n, there are letters a, b, and numbers ni and n2 
such that |T"(a)| - = |t"(6)| -n2 and a^^ir'^ia)) = cr"2(T"(6)), while cr"i-i(r"(a)) ^ 
(t"^~"'^(t"(6)). If T is such that u is the only element in with several cr-preimages, and 
we modify the definition of 7-*„ slightly this does not happen. Define 

Pn ■■= {[<j''{T"{a))] n -.a eA, < fc < |T"(a)|} . 

If u; = cr'=(x"(a)), let = [cr'^(x"(a))] n ct-I'"'''(^"('^»It(X). 

Corollary 12. Let r be left proper and reasonable, and suppose that u is the only- 
branch point in X-t . 
Then 

(i) For every n> Q, Pn is a clopen partition, and the sequence of bases is decreasing. 

(ii) For each n, Pn+i is a rehnement ofPn- i-e. every element ofPn+i is contained in an 
element ofPn- 

(iii) The intersection of the bases ofPn consists of a unique point, and the sequence {Pn} 
spans the topology of {X, a) . 

Proof 

(1) Part 2 of Proposition [4] and the compactness of Xt imply that the elements in Pn 
are clopen. To show that they are disjoint, suppose that y G [w]^, n [if']* where 
10 = crfc(T"(a)) and ii;' = cr'(T"(6)). If < |k;'| (or \w\>\w'\), then crl"'l(y) ( 
or (jl'^ '(y)) has two representations of the form a^{T{x)), a contradiction, using 
Corollary m So = which means that to is a common suffix of T"(a) and 
r"{b). Since T"(a) 7^ T^{b), these two words have a maximal proper common suffix, 
say (T"(a)) = ct' (r"(&)), and here one of fc' or V must be positive - say fc'. 
Thus a^'^^^^ •'(y) = cr^''^' '(y) has two preimages, so by assumption u = a^'^^^^ ^y G 
^-{k-k ) j^fc^^n^^^-jj^ _ j^fc ^n^Q^j^^ oncG again a contradiction to CorollaryO 

(2) The proof of Parts 2 and 3 are similar to the proof of Proposition 14, [DHS99] . 
We repeat the argument here. Take an element [to]* G Pn+i- need to show 
that [it)]* C [if']* where [w']* G Pn. Suppose that w = {t"^^^ [a)) , where < fc < 
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|T"+i(a)|. Write T"+i(a) = x"(ai) T"(a2) ...r"(a™) where r(a) = oi 02 ... a^. For 
some j, |x"(ai . . . flj)! < fc < |r"(ai . . . flj+i)!, so let I := k — \T^{ai . . . aj)\. Then 
cr'=(x"+i(|a])) C (t't"^], where a' = a^+i. 
(3) Given m positive, we show that for all n large, each element p of Vn is contained 
in some c where c is a word of length m + 1. Suppose that all x-substitution words 
start with I. Write Z„ = Choose n so that Z„ > to (Minimality implies that 

lim„^oo In = 00). 

Fix w G Wn, and suppose that w = (T''(T"(a)) for some a E A and k G [0, |x"(a)|). 
If y £ [w]* then there is some x G [a] with y = (t''t^^{x). Since x is left proper, 
T"(a)x"~^(/) is a prefix of x"(a;), and so y £ [cr'^x"(a)x"~^(/)], and this last cylinder 
set has length greater than to. So, y starts with a block of length m depending only 
on w and not on y. g 



4. Bratteli Diagrams 

A Bratteli diagram B = (V, S) is an infinite directed graph with vertex set V = LIJ^o 
and edge set £ = U^i ^n, where all Vn's and Sn's are finite, Vo = {vo}, and, if x is an edge 
in £m the source s{x) of x lies in Vn-i and the range r(x) of x lies in Vn. We assume that 
s^^{v) ^ for each u £ V and (u) 7^ for all w £ V\wo. We will use x,y . . . when referring 
to edges, and a, 6, . . . when referring to vertices. 

A finite set of edges {Xn+k}k=n with s{xn+k+i) = r{xn+k) ior 1 < k < K — 1, is called a 
path from s(x„+i) to r{xn^x)- Similarly an inGnite path in S is a sequence x = {a;„},\^^, 
with Xn £ £71 for n > 1, and s(x„+i) = for n > 1. We write . . . a„+i an ■ ■ ■ ^ 

ai Wo where r(a;„) = a„, or (a, a;) = {{an, Xn)}n>i, when referring to an element x in Xg. 
The set of all infinite paths in B will be denoted (a subset of n„>if„), and is endowed 
with the topology induced from the product topology on n„>i£'„. Thus A"b is a compact 
metric space. 

Two Bratteli diagrams B — {V,£) and B' ~ {V',£') are isomorphic if there exists a pair 
of bijections /v : V — > V and f£:£^£' satisfying /v(a) £ if a £ V„, and s(/f (a;)) = 
f\;{s{x)), r{f£{x)) = fv{r{x)) whenever x € £. Let {fifcj^g ^ sequence of increasing 
integers with no 0. Then B' = (V, £') is a telescoping of B = (V, if = Vn^ (with the 
vertex w £ Vn^ labelled as w' £ V^), and the number of edges from £ to v'/.^^^ £ V(.^;^ is 
the number of paths from Vk 6 Vn^ to Wfc+i £ Vnk+i- Conversely, we can perform a splitting 
by introducing a new level between two consecutive levels V„_i and Vn, so that the number 
of new vertices equals the edges in £„, and each vertex in the new level is the source and 
range of exactly one edge. We consider two Bratteli diagrams B and B' equivalent if B' can 
be obtained from B by isomorphism, telescoping and splitting. Thus when we talk about a 
Bratteli diagram we are talking about an equivalence class of diagrams. 

We say that B is simple if there exists a telescoping B' — (V, £') of B so that for any a £ V,'j 
and b £ V'j+i, there is at least one edge from a to &. If a? = {a;n}n=oo and x' = {x'j^}}^^^ are 
two elements in Xb, we write a; a;' if the tails of x and x' are equal. It follows that ~ is 
an equivalence relation, and if B is simple, then each equivalence class for ~ is dense in Xg, 
and Xg has no isolated points, making it a Cantor space. 



4.0.1. Ordering Xb Let n> 1. For each a £ Vn, let £n{a) = {x £ 5„ : r{x) = a}. We 
say B is ordered if there is a linear order > on each £'n(a); elements of £n{o-) will then 
be labelled 1,2,... according to their order. If a £ VXItio}, define \a\ := |fn(a)|, so that 
£:n(a) = {l,2,...|a|}. 
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The linear order on edges in each £„(a) induces a partial ordering on paths from Vm 

to Vn- the two paths a; = a„ ^ On-i ^ • • • ^ Om and x = a„ ^ ctn-i <— • • • ^ 
from £rn to are comparable with x < x' if there is some k G [rn + 1, n] with Xk < x'f. and 
Xj — x'j for k + 1 < j < n. 

Finally, two elements x, x' G Xs are comparable with x < x' if there is a A; such that 
Xn = for all n > k, and Xk < x'j^- Thus each equivalence class for ~ is ordered. There 
is the obvious notion of ordered isomorphism of two ordered Bratteli diagrams B, B': the 
isomorphism between B and B' also has to satisfy fsix) < fs{y) ^ix < y. If B' is a telescoping 
of the ordered Bratteli diagram B, then the order induced on B' from the order on B makes B' 
an ordered Bratteli diagram. We say that the ordered Bratteli diagrams B, B' are equivalent 
if B' is the image of B by telescoping and order isomorphism. 

An infinite path is maximal (minimal) if all the edges making up the path are maximal 
(minimal). If a; = {xn}n=oo is not maximal, let k be the smallest integer such that Xk G 
^kio-k) is not a maximal edge, and let be the successor of Xk in S^io-k)- Then the successor 
Vb{x) is defined to be Vb{x) — . . . Xk+2 Xk+i J/fc . . . 0. Similarly, every non-minimal path has 
a unique predecessor. Let Xmin, (-''^max) C Xjg be defined as the set of minimal (maximal) 
elements of Xg. By compactness, these sets are non empty. Simple ordered Bratteli diagrams 
which have a unique minimal and maximal element (called Xj^in and aimax respectively) are 
called proper, and those with a unique minimal element are called semi-proper. If B is semi- 
proper, then Vjs can be extended to a continuous surjection on Xg by setting ^^(cCinax) = 
Xmin, which is a homeomorphism if B is proper. We call {Xg, Vb) a Bratteli-Vershik or adic 
system. Note that {Xb,Vb) is a minimal system, since Vb orbits are equivalence classes for 
~. Let us say that two Cantor systems (Xi, Ti,Xi), i — 1,2 are pointedly isomorphic if there 
exists a homeomorphism f : Xi ^ X2 with f oTi —T2 o f and f{xi) = X2. The adic system 
associated to an equivalence class of ordered semi-proper Bratteli diagrams is well defined up 
to pointed isomorphism. This was proved in Section 4, [HPS92) for proper Bratteli diagrams; 
the proof is similar for semi-proper Bratteli diagrams: 



Proposition 13. Let B and B' be semi-proper ordered Bratteli diagrams, with the 
same number of maximal elements. Then B is equivalent to B' if and only if (Xb, Vb, x^i^) 
is pointedly isomorphic to {Xb' , Vb' , 3^min) ■ ■ 



Let T be a primitive substitution on A. The Bratteli diagram associated with t has vertex 
sets Vn — A, for each n > 1. There is exactly one edge from each vertex in Vi to vq. If 
T(a) — aia2 ■ . ■ an, then there is an edge from vertex b in V„_i to vertex a G Vn, and it is 
labelled i, if and only if = &. If 1 < m < n, then the number of paths in B from (a, n) 
to {b,m) is the number of occurrences of b in x^"^'"^(a). Primitivity implies that there is a 
positive k such that for any two letters a and b, there is at least one path from (a, n -\- k) 
to {b,n). The Bratteli diagram B' — {V',£') for is the telescoping of the Bratteli diagram 
B = (V, £) for X, with V,^ — Vnk for n > 1 and V[ = Vi. An example of a Bratteli diagram is 
illustrated in Figure [1] 

The connection between adic systems and one sided left proper reasonable substitutions 
is given by the next result. It is the appropriate generalization of [DHS99] Prop 20] to one 
sided substitution systems. 



Theorem 14. 
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Figure 1. The Bratteli diagram associated with the substitution x(a) = abb, = ab . 

If T is left proper, reasonable and quasi-invertible, with fixed point u, there exists a 
semi-proper, stationary Bratteli diagram B which is semi-proper, and stationary, such that 
{Xb, Vb) is topologically conjugate to {X, a). 

Proof If u is the branch point, let B be the Bratteh diagram associated with t. Since r is 
minimal and left proper, it is primitive. In this case the sequence of sets Vn defined in Section[3] 
are a refining sequence of partitions, by Corollary [T^ which generate the topology of (Xt-, cr). 
As in the proof of Proposition 16, |DHS99) . we construct an isomorphism F : X^ Xb by 
having the path F{y) passing through the vertex in V„ that corresponds to the tower in Vn 
where y is located. The proof that F is a conjugacy between {Xb,Vb) and (Xt-,(t) is as in 
the aforementioned proof. 

If T is left proper and the branch point y ^ u, work with the substitution r* in Corollary 
[TT] As above, {XT*,a) is conjugate to (Xg. , Vg*), and since {XT,a) = (A"t-.,(t), the result 
follows. ■ 

Lemma 15 in [For 97] is used in the two sided version of this previous result, to show that 
(aperiodic, primitive) substitution subshifts are conjugate to a stationary adic system where 
there are only single edges from the vertex vq to any vertex in Vi. Although the statement 
of this lemma is also true for semi-proper Bratelli diagrams, it is not clear that the resulting 
stationary diagram corresponds to a recognizable, or injective substitution. See for example. 
Figure 4 in [DHS99] . 



We now introduce concepts needed to extend Theorem[T3]to non-left proper substitutions. 

5.1. Induced transformations 

Suppose that T : X —> X is a minimal continuous transformation with X a Cantor space 
- henceforth called a Cantor system, li U C X is a. clopen set, the system (U, Tjj) induced 
by {X,T) on U, is defined by Tij{x) — T"-{x), where n is the least positive natural number 
such that T"{x) e U. Tjj is well defined since T is minimal, and since X is compact, n 
can only take a finite number of values. The Cantor systems {Xi,Ti) and {X2,T2) are 
(topologically) Kakutani equivalent f [PS73| is first reference of this) if there exist clopen 
sets Ui C Xi such that the respective induced systems are isomorphic. Topological Kakutani 
equivalence is much more stringent than measurable Kakutani equivalence - for example, 
all rank one transformations are measurably Kakutani equivalent, but it can be shown, for 
example, that the Chacon substitution t(0) = 0010, t(1) = 1 is Kakutani equivalent only to 
the substitutions r(0) ^ 00l'=0, t(1) = 1, or x(0) = Ol'^'OO, t(1) = 1. 



5. Induced substitutions 
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Conversely, given a dynamical system [U, S), and a continuous function h : U —>{!,... H} 
(called a height function) , we build a new dynamical system {X, T) in the following way. 
For each k in {1, ...H}, let = h-^{{k}). If fc e {2, . . .i?} and 1 < j < fc, let Ul be a 
homeomorphic copy of C/°. Let (j^k ■ Ul ^ C^fe^^ be a homeomorphism for each k e {2, . . . H} 
and each i G {0, . . . fc - 2}, : ^ be the identity map, and let X = uf^^ U^'Zq t/^. 
Define T : X X as T(a;) = ^^^(a;) if a; £ L/^. for i < fc - 1, and T{x) = £'((0^"^ o ^J;-^ o 
. . . o if a: G U^"^ . If this is the case, we say that {X, T) is a primitive of (?7, S") 

(with respect to /i). If T is a homeomorphism, and U is any clopen set in X, then (X, T) is 
a primitive of (U,Tij), where h{x) is the first return time under T of a; G ?7 (see |PS73| ). 
but this is not always the case with non-invertible systems. If {X, T) is quasi-invertible, with 
branch point y € U, then it is possible to recover (X, T) as a primitive of {U, Tu) with respect 
to the return time function h. Even if y [/, we will see that {X,T) can sometimes still be 
recovered, but as a quotient space of the primitive constructed above. In this case, if (C/, Tj/) 
has an appropriate adic representation, it is possible to extend this representation to {X, T), 
as in the proof of Theorem 3.8, in |GPS95] : 



Theorem 15. Let {Xb, Vb) be an adic system, where B is semi proper, simple, and with 
M maximal elements. Suppose that the aperiodic M-quasi-invertible Cantor system {Y,T), 
with branch point y has an induced system {Y' , S) where y & . If {Y' , S) is isomorphic to 
{Xb, Vb), then {Y, T) is isomorphic to {Xb', Vb') where B' is obtained from B by adding or 
removing a finite number of edges to £i, and changing the ordering on the affected vertices 
and edges. B 



5.2. Return words 

Let T be a (not necessarily left proper) reasonable substitution with fixed point u, and 
suppose that uq = a. A return word to a in m is a word w such that 

(1) Mo is a prefix of w; 

(2) There is no other occurrence of uq in w; 

(3) wuo e C{X). 

The set of return words TZ is finite, since u is almost periodic. This notion is the one- 
sided generalization of two sided return words in DHS99J, and we use their notation here. 
Ordering TZ according to the order of appearance of a return word in u, we have a bijection 
if) from i?:={l,2,...|7?.|} to TZ. The -r-fixed point u, and so every element in X, is a 
concatenation of return words, with possibly a suffix of a return word as a prefix. Extend 
■0 by concatenation to il> : [uq] C . Since any y G ip{R^^) can only be partitioned in 

one way, using Property 2 of the definition of a return word, tp is injective. 

If [/ = [uq], then a(j{x) = a'^^^''{x) where h{x) is the length of the first return word we see 
in X. In this case, given h and (U,au), the subsets of the primitive X' — uj^^^ ^'jZq 
can be identified with a^{U^), and the maps (/)|, defined in Section [5.1l can be identified with 
the shift map a.li x G X-r- has M-preimages, and x , then it will have M representations 
in X' -namely if L is the least positive integer such that (J^{x) G U , and Xi, . . . xm are the 
cr-preimages of x then each Xi G Ul\ for distinct fc,-s where ji = ki — L — 1. So here X' is not 
an isomorphic copy of X^-. Let x^ , . . . x^^ be the M representations of x in X' . Define the 
equivalence relation ^ on X' where a;* ^ x^ and (j>j^^''x'' ^ (pj^^^'x^ for all i,j G {1, . . . M}, 

and I G {1, . . .i — 1}. All other elements are equivalent only to themselves. Let X^ be the 
collection of equivalence classes of ^, and define tt : X' ^ X^ to be the mapping sending 
X E X' to its equivalence class. Endow X^ with the quotient topology, and let cr^^ : X^ — > X^ 
be defined in the obvious way. 
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Lemma 16. {X^,an^) is topologically conjugate to {Xt,(t). 

Proof. Let <j> : X'^ ^ X.^ he defined as (l){[x']^) = x, 0([0^'.+'a;*]^) = cr'{x) when 1<1 < 
L ~ 1 and <j>{y) — y otherwise. It is straightforward to show that a o (f> — (f> o a^. We have to 
show that (j) and <p~^ are continuous. Let U be open in X^. If none of the elements [</)^'^'x']^ 
are elements of U , then 4>{U) = U and this is open in X^-. If for some Z, [cjy\i^^ x'^]^ £ f7, then, 
since X^ has the quotient topology, there are open cylinder sets Vi C X' with 0^*^'a;' e Vi 
and 7r(UiT/i) C U . Elements in 7r(Uil4) agree with x on some large initial segment, so (/)7r(Ui Vi) 
contains a cylinder set containing a;. Thus 4>{U) is open. Conversely, suppose that U C X,- 
is open and contains (J^{x) for some / G {0, ... L — 1}. Then U contains all points that agree 
with (J^{x) on some large initial segment, so that UiV^ C {(j)^^ {U)) where Vi is a cylinder 
set in C/^'^', and cr'a;* G Vi. Thus 7r~^ o (f>~^{U) is open. Since X^ has the quotient topology, 
this means that (/)~^(C/) is open. g 

Let G be the unique sequence such that 'ip{'D{u)) — u. Let {Y, a) be the subshift 

spanned by T>{u) G R^. 

Lemma 17. (K, ct) is isomorphic to the system induced by (X, cr) on [uq] via the map ip. 

Proof. For each y ^Y, tp{cry) — <j*'{'4){y), where k is the length of the word in TZ 
corresponding to y^. So -0(0-" (y)) G [uq] for all natural n, thus ■!/'(^) ^ ["o]- If a; G [wq], then 
cr"'=(tt) ^ a; for some Uk oo. For large fc, tT"'''(M) G [uq], so (7"'=(w) = ip{a^'' {'D{u)) G V'(^) 
for some j'^ ^ cxd. Hence x G V"!^)- It follows that ip o a ^ '^[ug] ° '4' for U . g 

The substitution t can be used to define a substitution on R: if ii; is a return word, then 
w starts with uq, and since t{uo) starts with uq, so does t(w). Also, wuq is a word in it, 
so t(wuo) = T(ii;)uo ... is also a word in m. Hence t{w)uq... is a concatenation of unique 
return words, and a prefix of some return word, so that t(w) is a unique concatenation 
of return words. Thus if j G i? corresponds to id G 7?., and t{w) = W1W2 . . - Wr, define 
Ti(j) := 1112 ... V where ik G R corresponds to Wk G TZ. 

Lemma 18. Suppose t is reasonable with generating fixed point u. Then 

(i) Ti (or some power of ti) is left proper, minimal, injective, with 'Dlu) its generating 
fixed point; 

(ii) Ti is recognizable; and 

(iii) If T is M-quasi-invertible, then Ti is M-quasi-invertible. Conversely, if r is quasi- 
invertible, and Ti is M-quasi-invertible, then r is M-quasi-invertible. 

Proof 

(1) Note that if 1 G i? corresponds to w in TZ, then wuq is a prefix of u, and so is t'^{uq) 
for each n. Choose n large enough so that |r"(Mo)| > \w\, so that wuq is a prefix of 
t"(mo). If j G R, and w' € TZ corresponds to j, then w' begins with uq, so that t"(uo) 
and so ii; is a prefix of t"'(io'). Hence 1 is the first letter of Ti(j). 

Since ijj o ti — t oip, then ti(I?(u)) = D{u)). As Ti is left proper, then it is primitive. 
If Tx{i) — Ti(j), then either T(a) = t(/3) for some a ^ /3, contradicting injectivity of 
r, or the conditions in Theorem [3] are satisfied, contradicting recognizability of t. 

(2) Suppose that Ti is not recognizable. Then by Theorem [31 there exist letters i and 
j in R and some y G K with Ti(i) a proper suffix of ti(j), and Ti{i)y and Ti{j)y 
appearing in 1" with the same 1-cutting of y. Suppose that = w = wi . . .wi and 
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tp{j) — w' = w'l . . . w[. Find the smallest fc in {0 . . . Z — 1} such that wi-k = w'i,_f.. Such 
a k exists since otherwise u; is a suffix of w' , and since w ^ w' , then wi = uq occurs in 
■■ ■ w'l, a contradiction to Part 2 of the definition of a return word. Now as Ti{i) is a 
proper suffix of there exist words v and v' in i?"*", with v a suffix oiv', v a suffix 

of Ti{i), v' a suffix of Ti(j), and words p, p' and s € A'^, with tlj{v) — pT{wi-k)s 
and ^p{v') = p't{w'i,_^)s. If |x(u'/_fe)| < |t(w;,_j,)|, then T{wi^k) is a proper suffix of 
T{w[i_f,)] and if |t(w/_a;)| > |t(w;',_j,)|, then t(i(;;,_j,) is a proper suffix of T{wi-k)- 
Finally if |T(iy;_fe)| — |t(w;,_^)|, then T{wi-k) — t[w[,_^), which is not possible as r 
is injective on letters. 

Thus (wlog) T{wi-k) is a proper subword of t(w;/_j^,), and if y' = T{wi-k+i ■ ■ ■ wi)'ijj{y), 
then T{wi^k)y' and t{'w'ii _f.)y' appear in X with the same 1-cutting, a contradiction 
to the recognizability of t. 
(3) Note that if a; £ X^- has distinct cr-preimages Xi, X2, ■ ■ - Xm, then in [uq], there exist 
Hi, 1/2, ■■ ■ Um with t/j = a~*'^Xi^ where — ij is the ffi'st time a preimage of Xi is in [uq], 
- that this point is well-defined follows from the quasi-invertibility and the aperiodicity 
of {Xt, (t). Let y — cr[„^](a;) if a; ^ [mq], and x = y otherwise. Then y has M distinct 
cr[iio]-preimages, j/i, . . . ,yM- Since a; is unique, so is y. Now use the isomorphism in 
Lemma [17] to transfer this information to {Y, a) . 

Conversely, if {Xt,(j) is iV-quasi-invertible and x has N a-preimages, {xi, . . .xn}, 
then if t is the first re-entry time of x into [uq], (J*{x) has N cr^^g] -preimages 
{(T~*^{xi), . . .ct^'^^xn}. Thus tlj^-^{(T*{x)) has N cr-preimages, and as (Xt-j,(t) is 
M-quasi-invertible, N — M. B 



Theorem 19. 

Suppose that t is M-quasi-invertible and reasonable, with a generating fixed point u, and 
branch point y. 

(i) If Uq — Uq, then there exists a semi-proper, stationary Bratteli diagram B such that 
{X[}, Vg) is topologically conjugate to {X, a). 

(ii) If yo =^ Uq, then there exists a semi-proper, stationary Bratteli diagram B such that 
a quotient of {Xg, Vg), is topologically conjugate to {X, a). 

Proof. Using the fixed point u, and working with the induced system ([uq], cr[„g]), we 
use Lemma 1181 to find xi left proper, minimal, recognizable, injective and aperiodic, such 
that {[uo],a[ua]) is conjugate to {X-r^,a). If y € [uq], {XT,a) is a primitive of {[uq], a[uo])- 
By Part 3 of Lemma [THl Ti is M-quasi-invertible. Now using Corollary [11] there is some 
T* left proper, reasonable and quasi-invertible, with its fixed point u* as branch point, such 
that {Xti , cr) = {Xt* , cr). If B* is the semi-proper ordered Bratteli diagram associated to r*, 
then {Xt*,(t), and so {Xti,(t), is isomorphic to {Xs* ,Vb')- Using Theorem [151 {Xt,(^) is 
isomorphic to (Xg/ , Vg' ) where B' is obtained from B* by the addition of a finite number of 
edges to £i . 

If y ^ [uq], then using Lemma [TBI {X.,-, a) is a quotient of the primitive {X' , a) of (Xt* , cr), 
and (Xg', Vg') is isomorphic to {X',a). The result follows. ■ 

What properties do these 'pinched' adic systems of Part 2 of Theorem [19l have? It seems 
that even if superficially t has a pinched adic representation, it may still have an adic 
representation. If the branch point y satisfies SiT(y) = y, then is y always the fixed point of 
some T*, which has some more general definition than the one in Lemma HW We illustrate 
with Example |(3)| below. Also, do these results extend to substitutions with several branch 




Examples: 
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(1) If T is any reasonable suffix permutative substitution, with one fixed point u, then it 
is quasi-invertible, and (Xt-,(t) is a primitive over (Xt-^jct), as (j){u) G X-r-^. 

(2) If x(a) = aac, t(6) = 6cc, and t(c) = a6c, then (Xt-,(t) is 3-quasi-invertible, with the 
non-invertible element y satisfying cT{y) — y. The two r-fixed points u and v are in 
[a] U [6] ; so if t/ = [a] (or [6] ) , {X^ , cr) is recoverable only as a quotient of a primitive of 
(U,aij). However Lemma 1101 applies, since all r-words have a proper common suffix. 
Thus Corollary [Tl] tells us that {Xt,(t) — {Xt*,o') where r*(y) = y, now {Xt-,(t) is 
a primitive over [c]. 

(3) If T(a) = aac, t(6) = bcc, t{c) — adbc and T{d) = adbd, then since da ^ £t- and cb ^ 
>Ct-, both fixed points are cr- invertible. Inspection of maximal proper common suffixes 
of the T-substitution words of letters in any subset A* of A leads to the existence of 
only one branch point y satisfying cT{y) = y. Lemma 10 cannot directly apply because 
the family of x-substitution words does not have a common suffix. 

If we consider instead the induced system ( [c] , crj^] ) , [Xt , cr) is a primitive over ( [c] , crj^] ) . 
Define T*(a) — caa, T*{b) — c, t*(c) — cadb and T*{d) ~ cadbdb. One can now prove, 
similarly to the proof of Lemma [TOl to show that T*{y) = y. Thus ([cJjCric]) is itself a 
(left proper, quasi-invertible, reasonable) substitution subshift, and so has a stationary 
adic representation (Xg. , Vg*). Now Theorem [T51 applies, so that {Xt,(j) also has a 
stationary adic representation. In this example it is relatively straightforward to find 
the right r*; in general though it is not clear how a branch point y can be seen as 
the fixed point of some t* . If this were the case, then all quasi-invertible, aperiodic, 
minimal, injective substitutions would have an adic representation. 

(4) If t(0) = 01 and t(1) = 10 (the Morse substitution), then there are two x-fixed points 
u G [0] and It G [1], and these are the only branch points. The set of return words to 
in u are 7^ = {011,01,0}, and rj is defined by tI{1) ^ 123132, tI{2) = 1232 and 

(3) = 13, and has 2 branch points, the Ti-fixed point, and a point y satisfying 
32T(y) — y. If we take TZ to be the set of return words to 1 in u, then the resulting 
Tl is the same. Neither r nor xi currently has an appropriate adic representation, so 
this technique fails here. 

(5) Minimal rank one subshifts are defined by substitutions on ^ = {0, 1} of the form 

t(0) = 0"il™iO"n™=...0"^-il™''-iO"'= andx(l) = 1, 

where k < oo, and rii and nj. are positive. The latter condition ensures that the result- 
ing substitution subshift is minimal, with generating fixed point u := lim„_|.oo t"'(0). 
These systems are equivalent to rank-one systems defined by 'cutting and stacking' 
where there are a bounded number of cuts and spacers added, and the same cutting- 
and-stacking rule is obeyed at each stage. A comprehensive exposition of rank one 
systems is given in ,Fer97, . Suppose rii ^ rij for some so that t is aperiodic. 
Then {X-r, cr) is quasi-invertible if and only if mi = m2 = . . . = rrik-i = m > 0. For, 
the generating fixed point m is a branch point, and the fixed point 1™'m is another 
branch point if and only to; < mj for some j. 

If t(0) = 0"n™0"n™ . . .0"^-il"0"S then there are two return words to 0, Wi = 
and W2 = 0V"- In this case ri is defined on {1,2} and Ti = wi where w = 
]^ni-i22^n2-i2 . . . By Lemma [TH Ti is left proper, reasonable and 2-quasi- 

invertible. Thus {Xt,(j) is a primitive of ([0],cr[o]) and by Theorem \19\ t has a 
semi proper adic representation by adding to — 1 edges from vq to the vertex in Vi 
corresponding to the letter '1' in the Bratteli representation of Ti. For 1 < fc < M, the 
T-fixed points V'u live on (different) levels of the tower over {X-t, a). 
If for some i,j, rrii ^rrij, then xi is still of the form T\{i) — wi, where w = 
I«i-i2i«2-i3 _ ^ in.^^-if^i'n^-i^ i-j^^^ M-quasi-invertible, with M > 3. Thus 

(Xtj^,(t) is quasi-invertible, even though (Xt-,(t) is not, and we cannot generate an 
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adic representation for t from one for xi. For example, if x(0) = 00100110, then the 
retmm words arc TZ = {0, 01, 011} and xi is S-ahnost periodic, with x^,x'^, and x'^ the 
preimages of 2?(m). In X though, (pix^), and (T{(p{x'^)) are preimages of u, and 4>{x'^) 
and (j{(p{x^)) arc preimages of (j{(p{x'^)). So an adic representation of {XT,a) would 
need 4 maximal elements, one of which is also minimal, and another minimal element. 
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